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■ Abstract 

Os • 

'. We classify the "quotients" of a tannakian category in which the objects of a tan- 

f— ( I nakian subcategory become trivial, and we examine the properties of such quotient 

^ ■ categories. 

|: 

g '■ Introduction 

Given a tannakian category T and a tannakian subcategory S, we ask whether there exists 

I a quotient of T by S, by which we mean an exact tensor functor g: T ^ Q from T to a 

^ ■ tannakian category Q such that 

Tjj- . (a) the objects of T that become trivial in Q (i.e., isomorphic to a direct sum of copies of 

00 ! 1 in Q) are precisely those in S, and 

ly-^ I (b) every object of Q is a subquotient of an object in the image of q. 

O I When T is the category Rep(G) of finite-dimensional representations of an affine group 

■ scheme G the answer is obvious: there exists a unique normal subgroup H of G such 

. that the objects of S are the representations on which H acts trivially, and there exists 

^ ! a canonical functor q satisfying (a) and (b), namely, the restriction functor Rep(G') 

j> I Rep{H) corresponding to the inclusion H ^ G. By contrast, in the general case, there 
need not exist a quotient, and when there does there will usually not be a canonical one. In 



(N 



X 



■ fact, we prove that there exists a q satisfying (a) and (b) if and only if S is neutral, in which 

case the q are classified by the /c-valued fibre functors on S. Here k = End(l) is assumed 
to be a field. 

From a slightly different perspective, one can ask the following question: given a sub- 
group H of the fundamental group vr(T) of T, does there exist an exact tensor functor 
g: T ^ Q such that the resulting homomorphism 7r(Q) g(7r(T)) maps 7r(Q) isomor- 
phically onto q{H)l Again, there exists such a g if and only if the subcategory of T, 
whose objects are those on which H acts trivially, is neutral, in which case the functors q 
correspond to the /c- valued fibre functors on T^. 

The two questions are related by the "tannakian correspondence" between tannakian 
subcategories of T and subgroups of 7r(T) (see ll.7l) . 



* Available at www.jmilne.org/math/. 
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In addition to proving the above results, we determine the fibre functors, polarizations, 
and fundamental groups of the quotient categories Q. 

The original m otivation for these investigations came from the theory of motives (see 
Milnell2002l[2007h . 



Notation: The notation X ^ Y means that X and Y are isomorphic, and X ~ F means 
that X and Y are canonically isomorphic (or that there is a given or unique isomorphism). 



1 Preliminaries 



For tannakian categories, we use the terminology of Deligne and Miin3ll982 . In particular, 
we write 1 for any identity object of a tannakian category — recall that it is uniquely 
determined up to a unique isomorphism. We fix a field k and consider only tannakian 
categories with k = End(l) and only functors of tannakian categories that are /c-linear. 



Gerbes 



1 . 1 We refer to lGiraudlll97lL Chapitre IV, for the theory of gerbes. All gerbes will be for 
the flat (i.e., fpqc) topology on the category Aff^ of affine schemes over k. The band (= 
lien) of a gerbe Q is denoted Bd(^). A commutative band can be identified with a sheaf of 
groups. 

1.2 Let a: Qi ^2 be a morphism of gerbes over Aff^, and let coq be an object of 
Q2,k- Define (cuoi^i) to be the fibred category over Afffc whose fibre over S Spec k 
has as objects the pairs (cu, a) consisting of an object cu of ob(^i s) and an isomorphism 
a: s*uJo — ^ a(uj) in G2,s\ the morphisms (to, a) (z/, b) are the isomorphisms (p: lo ^ u 
in ^1,5 giving rise to a commutative triangle. Thus, 



CO 




If the map of bands defined by a is an epimorphism, then (c^o i ^1) is a gerbe, and the 
sequence of bands 



1 ^ BdMe^i) ^ Bd(6;i) ^ Bd(e?2) ^ 1 



(1) 



is exact (lGiraudlll97lL IV 2.5.5(i)). 

1.3 Recall (^ Saavedra Rivanolll972 , III 2.2.2) that a gerbe is said to be tannakian if its band 
is locally defined by an affine group scheme. It is clear from the exact sequence © that if 
Qx and Q2 are tannakian, then so also is (tuoi^i)- 
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1.4 The fibre functors on a tannakian category T form a gerbe FiB (T) over Aff ^ (jPeligne 
199(1 1.13). Each object X of T defines a representation lu t-^ ^^iX) of Fib(T), and in 
this way we get an eqiiivalen ce T Rep(FlB(T)) of tannakian categories (|Deligndll989L 
5.11; ISaavedra Rivandl 19721 III 3.2.3, p200). Every gerbe wh ose band is tannakian arises 
in this way from a tannakian category (ISaavedra Rivandl 19721 IE 2.2.3). 



Fundamental groups 



1 .5 We refer to lDeligndll989L §§5,6, for the theory of algebraic geometry in a tannakian 
category T and, in particular, for the fundamental group 7r(T) of T. It is the affine group 
schemqll in T such that co'(7r(T)) ~ Aut® (cj) functorially in the fibre functor uj on T. The 
group 7r(T) acts on each object X of T, and cu transforms this action into the natural action 
of Aut®(co') on uj(X). The various realizations u;(7r(T)) of 7r(T) determine the band of T 
(i.e., the band of Fib (T)). 

1.6 An exact tensor functor F: Ti — » T2 of t annakian categories defines a homomor- 



phism7r(F): 7r(T2) i^(7r(Ti)) (lDelignelll989L 6.4). Moreover: 

(a) F induces an equivalence of Ti with a category whose objects are th e objects of To 
endowed with an action of F(7r(Ti)) compatible with that of 7r(T2) (|Delignell 19891 
6.5); 

(b) vr(F) is flat and surjective if and only if F is fully faithful and eve ry subobject of 
F(X ) , for X in Ti, is isomorphic to the image of a subobject of X (cf. iDeligne and Milne 



1982L2.21); 



(c) 7r(F) is a closed immersion if and only if every object of T2 is a subquotient of an 
object in the image of q (ibid.). 

1 .7 For a subgroup^ H C 7r(T), we let T^ denote the full subcategory of T whose objects 
are those on which H acts trivially. It is a tannakian subcategory of T (i.e., it is a strictly 
full subcategory closed under the formation of subquotients, direct sums, tensor products, 
and duals ) and every tan nakian subcategory arises in this way from a unique subgroup of 
7r(T) (cf. lBertolinll2003L 1.6). The objects of T'^*^^^ are exactly the trivial objects of T, and 
there exists a unique (up to a unique isomorphism) fibre functor 



7 



T . 



Vect 



namely, 7"^(X) = Hom(l,X). 



1.8 For a subgroup H of 7r(T) and an object X of T, we let X^ denote the largest sub- 
object of X on which the action of i7 is trivial. Thus X = if and only if X is in 
T^. 



'"T-schema en groupes affines" in Deligne's terminology. 

^Note that every subgroup H of 7r(T) is normal. For example, the fundamental group vr of the cate- 
gory Rep(G') of representations of the affine group scheme G = Spec(^) is A regarded as an object of 
Ind(Rep(G')). The action of G on ^4 is that defined by inner automorphisms. A subgroup of tt is a quotient 
A ^ B of A (as a bi-algebra) such that the action of G on A defines an action of G on B. Such quotients 
correspond to normal subgroups of G. 
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1 .9 When H is contained in the centre of 7r(T), then it is an affine group scheme in T''*^^^ 
and so 7^ identifies it with an affine group scheme over k in the usual sense. Fo r example, 



7"^ identifies the centre of 7r(T) with Aut^fidr) (cf. ISaavedra Rivanolll97l II 3.3.3.2, 



pl50). 



Morphisms of tannakian categories 

1.10 For a group G, a right G-object X, and a left G-object Y, X A'^ Y denotes the 
contracted product of X and Y, i.e., the quotient of X x F by the diagonal action of G, 
{x, y)g = (xg, g^^y). When G ^ H is a homomorphism of groups, X a'^ H is the H- 
object obtained from X by extension of the st ructure group . In this last case, if X is a 
G-torsor, then X if is also an if-torsor. See lGiraudlll97ll III 1.3, 1.4. 



1.11 Let T be a tannakian category over k, and assume that the fundamental group tt of T 
is commutative. A torsor P under vr in T defines a tensor equivalence T — > T, X 1-* PA'^X, 
bound by the iden tity map on Bd(T), and every such equivalence arises in this way from a 
torsor under tt (cf. ISaavedra Rivandl 19721 HI 2.3). For any fc-algebra R and i?-valued fibre 
functor uj on T, uj{P) is an i?-torsor under ^^(Tr) and uj{P X) ~ cj(P) A'^W cj(X). 



2 Quotients 

For any exact tensor functor q: T ^ T', the full subcategory T'^ of T whose objects become 
trivial in T' is a tannakian subcategory of T (obviously). 

We say that an exact tensor functor g : T ^ Q of tannakian categories is a quotient 
functor if every object of Q is a subquotient of an object in the image of q; equivalently, 
if the homomorphism n(q) : 7r(Q) '?(7rT) is a closed immersion (see ll.Gt c)). If, in 
addition, the homomorphism 7r(g) is normal (i.e., its image is a normal subgroup of q(T)), 
then we say that q is normal. 

Example 2.1 Consider the exact tensor functor : Rep(G) Rep(H) defined by a 
homomorphism f : H ^ G of affine group schemes. The objects of Rep(G)'^ are those 
on which H (equivalently, the intersection of the normal subgroups of G containing f{H)) 
acts trivially. The functor is a quotient functor if and only if / is a closed immersion, in 
which case it is normal if and only if f{H) is normal in G. 

Proposition 2.2 An exact tensor functor q : T ^ Q of tannakian categories is a normal 
quotient functor if and only if there exists a subgroup H of vr(T) such that-K^q) induces an 
isomorphism 7[{Q) — > q{H). 

Proof. <^=: Because q is exact, q{H) ^(vrT) is a closed immersion. Therefore n(q) is 
a closed immersion, and its image is the normal subgroup q{H) of g(vrT). 

Because g is a quotient functor, 7r(g) is a closed immersion. Let H be the kernel 
of the homomorphism 7r(T) — n(J'') defined by the inclusion T'^ ^ T. The image of 7r(g) 
is contained in q{H), and equals it if and only if q is normal. To see this, let G = qn{J), 
and identify T with the category of objects of Q with an action of G compatible with that 
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of 7r(Q) C G. Then q becomes the forgetful functor, and T'^ = T'^'^^-'. Thus, q{H) is the 
subgroup of G acting trivially on those objects on which vr(Q) acts trivially. It follows that 
7r(Q) C qiH), with equality if and only if 7r(Q) is normal in G. □ 



In the situation of the proposition, we sometimes call Q a quotient ofTbyH (cf. iMilne 



2002L 1.3). 

Let q: T ^ Q be an exact tensor functor of tannakian categories. By definition, q maps 
T'^ into Q''*^^^ and so we acquire a /c-valued fibre functor lo'^ = 7^ o (g|T'') on T'^: 



In particular, T'^ is neutral. A fibre functor u on Q, defines a fibre functor u; o g on T, and 
the (unique) isomorphism 7^ u;|Q'^*^^^ defines an isomorphism a{uj) : lu'^ ^ {lu o g)|T'^. 

Proposition 2.3 Let q: T ^ Q be a normal quotient, and let H be the subgroup of 7r(T) 
such that7r{Q) ^ qiH). 

(a) For X, Y in J, there is a canonical functorial isomorphism 

HomQ(gX, qY) ~ cj'?(Hom(X, Yf). 

(b) The map t-^- (tu o g, a{uj)) defines an equivalence of gerbes 

r(g): FIB(Q) ^ (cunFlB(T)). 



Proof, (a) From the various definitions and lDeligne and Milndll982l 



HomQ(gX, qY) ~ Hompfl, Hom fqX, qY)""^^^) (ibid. 1.6.4) 

~ HomQ(l, (gHom(X, Y))'^^^^) (ibid. 1.9) 

~ HomQ(l, g(Hom(X, Y)^)) 

~ cj'?(Hom(X, Y)") (definition of cu«). 

(b) The functor Fib(T) Fib(T^) gives rise to an exact sequence 

1 ^ Bd(cjQiFlB(T)) ^ Bd(T) ^ Bd(T^) ^ 

(see ll.2l) . On the other hand, we saw in the proof of (12.21) that H = Ker(7r(T) 7r(T^)). 
On comparing these statements, we seee that the morphism r(g) of gerbes is bound by an 
isomorphism of bands, which implies that it is an equivalence of gerbs (Giraud 1971, IV 
2.2.6). □ 

Proposition 2.4 Let (Q, q) be a normal quotient of T. An exact tensor functor g' : T — > 
T' factors through q if and only D and uj'^ ~ uj'^ |T^. 
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Proof. The conditions are obviously necessary. For the sufficiency, choose an isomor- 
phism b: uj'^ uj'^ \J'^. A fibre functor uj on T' then defines a fibre functor o g' on T and 
an isomorphism a(ti;) |T'' oh: uj'^ ^ {uj o g') jT"?. In this way we get a homomorphism 

FiB(r) ^ {uj^Vmil)) ~ Fib(Q) 

and we can apply (11.41) to get a functor Q ^ T' with the correct properties. □ 

Theorem 2.5 Let T be a tannakian category over k, and let luq be a k-valued fibre functor 
on for some subgroup H C 7r(T). There exists a quotient (Q, q) of J by H such that 

Proof. The gerbe (cuqIFib (T)) is tannakian (see ll.3l) . From the morphism of gerbes 

{uj,a)^uj: (cuoiFiB (T) ) ^ FiB (T) , 

we obtain a morphism of tannakian categories 

Rep(FlB(T)) ^ Rep(cuoiFlB(T)) 

(see II. 41) . We define Q to be Rep(co'oiFlB(T)) and we define q to be the composite of the 
above morphism with the equivalence (see 1 1.41) 

T ^ Rep(FlB(T)). 

Since a gerbe and its tannakian category of representations have the same band, an argu- 
ment as in the proof of Proposition 12.31 shows that 7r(g) maps 7r(Q) isomorphically onto 
q{H). A direct calculation shows that uj'^ is canonically isomorphic to ujq. □ 

We sometimes write T /uj for the quotient of T defined by a fc-valued fibre functor uj on 
a subcategory of T. 

Example 2.6 Let (T,w,T) be a Tate triple, and let S be the full subcategory of Tof 
objects isomorphic to a direct sum of integer tensor powers of the Tate object T. Define ujq 
to be the fibre functor on S, 



X^limHom( l(r),X). 



-n<r<n 



Then the quotient tannakian category T/cuq is that defined in lDeligne and Milnelll982L 5.8. 

Remark 2.7 Let q: T ^ Q be a normal quotient functor. Then T can be recovered from 
Q, the homomorphism 7r(Q) g(7r(T)), and the actions of g(7r(T)) on the objects of Q 
(applyMa)). 

Remark 2.8 A fixed A;-valued fibre functor on a tannakian category T determines a Ga- 
lois correspondence between the subsets of ob(T) and the equivalence classes of quotient 
functors T ^ Q. 
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Exercise 2.9 Use (ll.lOlfTTTTI) to express the correspondence between fibre functors on 
tannakian subcategories of T and normal quotients of T in the language of 2-categories. 

Aside 2.10 Let G be the fundamental group 7r(T) of a tannakian category T, and let H be 
a subgroup of G. We use the same letter to denote an affine group scheme in T and the band 
it defines. Then, under certain hypotheses, for example, if all the groups are commutative, 
there will be an exact sequence 

yH\k,G)^ H\k, G/H) H\k, H) H\k, G) H\k, G/H). 

The category T defines a class c(T) in H'^{k, G), namely, the G-equivalence class of the 
gerbe of fibre functors on T, and the image of c(T) in H'^{k, G/H) is the class of T^. Any 
quotient of T by i7 defines a class in H'^{k, H) mapping to c(T) in H'^{k, G). Thus, the 
exact sequence suggests that a quotient of T by if will exist if and only if the cohomology 
class of is neutral, i.e., if and only if is neutral as a tannakian category, in which case 
the quotients are classified by the elements of H^{k, G/H) (modulo H^{k, G)). When T is 
neutral and we fix a /c-valued fibre functor on it, then the elements of H^{k, G/H) classify 
the fc-valued fibre functors on T^. Thus, the cohomology theory suggests the above results, 
and in the next subsection we prove that a little more of this heuristic picture is correct. 



The cohomology class of the quotient 

For an affine group scheme G over a field k, H^'{k, G) denotes the cohomology group 
computed with resp ect to the fla t topology. When G is not commutative, this is defined 



only for r = 0, 1, 2 (iGiraudll 19711) . 



Proposition 2.11 Let (Q, q) be a quotient of T by a subgroup H of the centre of n(T). 
Suppose that T is neutral, with k-valued fibre functor cu. Let G = Aut® (cj), and let p{to'^) 
be the G /tu{H)-torsorBxym{tu\J^ , tu'^). Under the connecting homomorphism 

H\k,G/H) ^ H\k,H) 

the class of p{uj'^) in H^{k, G/H) maps to the class of Q in H'^{k, H). 



Proo f. Note that H = Bd(Q), and so the statement makes sense. According to iGiraud 



197 iL IV 4.2.2, the connecting homomorphism sends the class of p{uj'') to the class of the 
gerbe of liftings of p{uj''), which can be identified with (cj^|Fib(T)). Now Proposition 
12.31 shows that the if-equivalence class of (li;^|Fib(T)) equals that of Fib(Q) which (by 
definition) is the cohomology class of Q. □ 



Semisimple normal quotients 

Everything can be made more explicit when the categories are semisimple. Throughout 
this subsection, k has characteristic zero. 



Proposition 2.12 Every normal quotient of a semisimple tannakian category is semisim- 
ple. 
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Proof. A tannakian category is semis imple if and only if the i dentity component of its 



fundamental group is pro-reductive (cf. iDeligne and Milndll982L 2.28), and a normal sub 



group of a reductive group is reductive (because its unipotent radical is a characteristic 
subgroup). □ 

Let T be a semisimple tannakian category over k, and let cuq be a fc-valued fibre functor 
on a tannakian subcategory S of T. We can construct an explicit quotient T /luq as follows. 
First, let (T/cJo)' be the category with one object X for each object X of T, and with 

Hom(T/.„),(X,F) =a;o(Hom(X,F)^) 

where H is the subgroup of 7r(T) defining S. There is a unique structure of a A;-linear tensor 
category on (J/uo)' for which q: J ^ (T/wq)' is a tensor functor. With this structure, 
(T/cJo)' is rigid, and we define T/cjq to be its pseudo-abelian hull. Thus, T/too has 

objects: pairs (X, e) with X E ob(T) and e an idempotent in End(X), 
morphisms: HomT/a;o((^, e), {Y, /)) = / o Hom(T/a;o)'(^5 ^) ° e. 

Then (T/cuq, q) is a quotient of T by H, and lu'^ ~ luq. 

Let CO he a fibre functor on T, and let a be an isomorphism ci^o c^lT^. The pair {cu, a) 
defines a fibre functor tOa on T/cuq whose action on objects is determined by 

Ua(X) = UJ{X) 



and whose action on morphisms is determined by 



Hom(X,r) ^Hom(a;„(X),a;„(y)) 

def 

cunfHomfX Y)^) -^a;fHomfX Y)") A Hom(a;(X),a;(r))^W 

The map {cu, a) i— > cUa defines an equivalence (u;oiFlB(T)) — > Fib(T/co'o)- 

Let Hi C Hq C 7r(T), and let c^o and cui be A;-valued fibre functors on T^'^ and T^^ 
respectively. A morphism a: luq ^ lji\J^" defines an exact tensor functor T/luq T/uji 
whose action on objects is determined by 

X(inT^°) ^X(inT^^), 



and whose action on morphisms is determined by 



HomTM {X,Y) ^ Homr/., {X, Y) 



def 



def 



ujo ( Horn j {X,Y)^°)^uJi (HoniT {X,Y)^°)^uJi (Romj (X,Y)^')) 
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When Hi = Hq, this is an isomorphism (!) of tensor categories T/ujq —>■ T/uJi. 

Let (Qi, qi) and (Q2, ^2) be quotients of T by H. For simplicity, assume that tt = 7r(T) 
is commutative. Then Hom fco''^^ , lu'^'^ ) is vr/ if -torsor, and we assume that it lifts to a vr-torsor 
P in T, so P (tt///) = Hom fcj^^ , cj^^ ) _ x^en 



T ^ T Q2 



realizes Q2 as a quotient of T by H, and the corresponding fibre functor on is PA'^to'^^ ~ 
cu'^^ . Therefore, there exists a commutative diagram of exact tensor functors 



T 



X^PA'^X 



T 



<?2 



Qi 



Q2 



which depends on the choice of P lifting Hom (u;'^\ u;'^^) in an obvious way. 



3 Polarizations 



We refer to iDeligne and Milnelll982l . 5.12, for the notion of a (graded) polarization on a 
Tate triple over M. We write V for the category of Z-graded complex vector spaces endowed 
with a semilinear automorphism a such that a^v = (— l)"t> if t> G V^. It has a natural 
structure of a Tate triple (ibid. 5.3). The canonical polarization on V is denoted 77^. 

A morphism F : (Ti, wi, Ti) (T2, W2, T2) of Tate triples is an exact tensor functor 
P: Ti ^ T2 preserving the gradations together with an isomorphism P(Ti) ~ T2. We 
say that such a morphism is compatible with graded polarizations Pi and P2 on Ti and T2 
(denoted P: Pi P2) if 

^ G Pi(X) ^P^ G P2(PX), 

in which case, for any X homogeneous of weight n, Pi(X) consists of the sesquilinear 
forms ip: X ^ X l{—n) such that Ftp G P2(PX). In particular, given P and P2, there 
exists at most one graded polarization Pi on Ti such that P : Pi t-^ P2. 

Let T = (T,w,T) be an algebraic Tate triple over M such that w{—l) ^ 1. Given 
a graded polarization P on T, there exists a morphis m o f Tate tri ples Cij- T — » V (well 



defined up to isomorphism) such that ^n'- n ^ (jPeligne and Milndll982L 5.20). Let 
ujn be the composite 

it is a fibre functor on J^C^"^). 



A criterion for the existence of a polarization 

Proposition 3.1 LetT = (T, w, T) be an algebraic Tate triple overR such thatw{-l) ^ 
1, and Jet ^ : T V be a morphism of Tate triples. There exists a graded polarization 11 
on T (necessarily unique) such that ^ : P 1— > P^ if and onJy if the real algebraic group 
Aut®(7^ o ^IT^'C^™)) is anisotropic. 
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Proof. Let G = Aut'^(7^ o ^|T"'(^'")). Assume il exists. The restriction of il to T"'(^'") 
is a symmetric polarization, which the fibre fu nctor 7^ o£ m aps to the canonical polarization 



on VeC]K. This implies that G is anisotropic (Deli gndl 19721 2.6). 



For the converse, let X be an object of weight n in T((C) . A sesquilinear form tp: ^{X)( 



^(X) 1(— n) arises from a sesquilinear form on X if and only if it is fixed by G. 
Because G is anisotropic, there exists a ip G i7^(^(X)) fixed by G (ibid., 2.6), and we 
define n{X) to consist of all sesquilinear forms on X such that ^(0) G {^{X)). It is 
now straightforward to check that X t-^ n{X) is a polarization on T. □ 

Corollary 3.2 Let F: (Ti, wi, Ti) (T2, W2, T2) be a morphism of Tate triples, and 
let be a graded polarization on J 2. There exists a graded polarization Ui on Ti such 
thatF : ili ^^ 772 if and onJy if the real algebraic group Aut^h^ o o ir|T;"(^'")) is 
anisotropic. 

Polarizations on quotients 

The next proposition gives a criterion for a polarization on a Tate triple to pass to a quotient 
Tate triple. 

Proposition 3.3 Let T = (T, w, T) be an algebraic Tate triple overR such thatw{-l) ^ 
1. Let {Q,q) be a quotient of J by H C tt(T), and let uj'^ be the corresponding fibre functor 
on T^. Assume H D u'(Gm), so that Q inherits a Tate triple structure from that on T, and 
that Q is semisimple. Given a graded polarization 11 on T, there exists a graded polarization 
If on Q such that q: 11 ^ 11' if and only if cu^ tuyj |T^. 

Proof. Let U' be such a polarization on Q, and consider the functors 

T ^ Q H' V, in' : il' ^ n"". 
Both ^77' o g and ^77 are compa tible with 77 and 77^ and with the Tate triple structures on 



T and V, and so ^77/ o q ^ ^jj (|Deligne and Milndl 19821 5.20). On restricting everything 



to J'^i'^"^^ and composing with 7^, we get an isomorphism Wij/ o (g|T'"('^'")) ^ cuij. Now 
restrict this to T^, and note that 



{ivn' o (g|T-(«™))) |T^ = MQ""^"^^) o (g|T 



because cjtj/ I Q''^^) ~ 7*^. 

<^=: The choice of an isomorphism co'^ cj/jIT^ determines an exact tensor functor 

J/u" ^ J/un. 

As the quotients T/cu'^ and T/cun are tensor equivalent respectively to Q and V, this 
shows that there is an exact tensor functor ^: Q ^ V such that ^ o g ^jj. Evidently 
Aut'^(7^ o ^|Q"'('G™)) is isomorphic to a subgroup of Aut®(7^ o ^77|T"'(^-)). Since the 
latter is anisotropic, so also is the former (Deligne.1972 . 2.5). Hence ^ defines a graded 
polarization 11' on Q (Proposition 13. II ). and clearly q: 11 1-^ 11'. □ 
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